In this work we deal with the stability property of a discrete-time nonlinear model of a harvested fish population with the Beverthon-Holt recruitment relationship. We use the method of Lyapunov functions to show that the positive equilibrium state of the stage structured model fish corresponding to a constant fishing intensity is globally and asymptotically stable. Since the fishing intensity is often variable, we also propose how a variable fishing intensity may be controlled through feedback in order to stabilize the fish population state around the positive equilibrium state.
Introduction
Mathematical models are more and more use for a better management of renewable resources. In the literature we find some mathematical models representing the dynamic evolution of certain renewable resources such as halieutic resources (Doubleday, 1975; Gouze, Rapaport, & Hadj-Sadok, 2000) and the animal resources (Damania, Phillips, Henson, & Hayward, 2005; . Using these models and some mathematical tools, we show that it is possible to analyze the dynamical evolution of certain renewable resources and to take decisions which help to protect our natural resources. We are mainly interested in this work to a management problem of halieutic resources using mathematical models , 2011 Ngom, Iggidr, Guiro, & Ouahbi, 2008; Ouahbi, 2002) . A crucial problem in wild life management policies is how to prevent extinction of some species. This is especially an important problem for depleted fish populations that are subject to heavy fishing efforts. In such cases we have to act on the fish population in order to keep the stock at a desired level, and prevent the extinction of the species. Given that environmental factors are harder to control, the easiest and most practical way to controle the evolution of fish population is by controlling the fishing effort. Here we analyze a mathematical model (1) of fish populations and show that with a constant fishing effort the non trivial positive equilibrium state of the model is globally asymptotically stable. Generally those fishing efforts are variables, so we analyze how these variations could affect the stability of the fish population. We show how to stabilize the system around the steady state by using a feedback mechanism that is dependent on the fish population state to control the variation of the fishing effort. The stability property we ensure here has a fundamental biological consequence. It ensures that, if the model is valid, the stock of fish population will never turn to extinction. A similar problem has been considered in (Bagdouri, Iggidr, Ouahbi, & Vivalda, 2000) for an age-structured model, but we think that it is more practical to structure a fish population according to its stage of growth such as the weight or the length. For this end, we consider the following discrete time system which describe the dynamic evolution of a haversted fish population (see for instance Getz and Haight (1989) for more detail in the synthesis of the model):
where:
• n is the total stage-classes number.
• X i (k) is the population size in the stage class i at time k.
• b i is the fecundity rate of class i.
• M i is the natural death rate in the class i.
• q i is the individual catchability coefficient in the class i.
• E(k) is the fishing intensity at time k.
• p i is the transition rate of individuals in stage class i to the stage class i + 1 after the time interval [k, k + 1].
• τ is the time periode where fishing activity is authorized.
• h is the Beverthon-Holt recruitment relationship.
The Beverthon-Holt recruitment relationship h is in the form:
, where β is a positive reel number Generally, recruitment relationship are decreasing continuous function on R + on to [0, 1] . Many mathematical expressions have been proposed for the stock-recruitment relationship in the literature (Beverton, & Holt, 1957; Getz, & Haight, 1989; Magal, & Pelletier, 1997; Ricker, 1954; Shepherd, 1982) .
To simplify the notation, we note Equation (1) by:
. . .
. . , n and ∀k ≥ 0. Now we briefly recall some mathematical definitions and results on discrete time stability theory that will be use later in this work.
Definition 1
The system (2) is stable (or Lyapunov stable) at X * if for each there exists a positive real number δ such that for each initial state X 0 with |X 0 − X * | < δ, the solution X(k) of system (2) (with the initial condition X 0 ) is defined for all k > 0 and satisfies |X(k) − X * | < for all k > 0.
Definition 2 The equilibrium state X * of system (2) is said to be attractive if there exists a neighborhood U of X * such that for any initial condition X 0 belonging to U the corresponding solution X(k) is defined for all k ≥ 0 and tends to X * as k tends to infinity. If U is the whole state space then the equilibrium state X * is globally attractive.
Definition 3
The system (2) is asymptotically stable at X * if it is stable and attractive at X * .
More details about the above concept can be found in (Elaydi, 1996; Iggidr, 2006; Sontag, 1998) .
Stability Analysis of the Model

Equilibrium State
Let us consider a constant fishing intensity E(k) = E * and denote X * = (X * 1 , X * 2 , . . . , X * n ) the corresponding positive equilibrium state of model (1); then X * must satisfy:
System (3) can be written as:
Let us put:
Using relations between X * i , we notice that:
Let us define (as it has been done in Getz & Haight, 1989, p. 25 
Following the first equation of system (4), we show that:
Remark 1 The steady point X * has biological meaning (positivity of the steady state) if and only if R > 1 − (1 − p 1 )s 1 s 0 .
We will now assume that the latter inequality is satisfied.
Main Results
Stability Analysis of the Equilibrium Point X *
Let considere the notations in the previous section, our fisrt main result is the stability property: 
Then the system (2) is Lyapunov stable at equilibrium state X * .
Lasalle's Invariance Principle Let Ω be a subset of R n . Assume that Ω is positively invariant for system (2). Let
Let E be the set of points within Ω where V F(X, E * ) − V X = 0 and let L the largest invariant set within E. Then every bounded solution starting in Ω tends to the set L as k goes to infinity.
For the proof of the 2nd Lyapunov Theorem and the Lasalle's invariance principle, one can see for instance (Hurt, 1967; Kalman, & Bertram, 1960; Lasalle, 1986) .
Proof of Theorem 1. Using the notations in section 2.1, let's define:
We verify that V(X * ) = 0 and
Let us compute the variation of V along the solutions of system (2).
using the dynamics of system (2), we obtain:
, hence: Vol. 5, No. 2; 2013 Since the map: X → X 2 is convexe, we have the inequality:
Therefore V(X(k + 1)) − V(X(k)) ≤ 0. Hence, by the 2nd Lyapunov Theorem, we can say that the equilibrium state X * of system (2) is stable.
Now let us define:
and let L be the largest invariant set within E. Let X in L, then using (6) we can write:
R i = 1, by strict convexity of the map X → X 2 , we obtain:
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Now we show that 0 L. Assume that 0 ∈ L. Hence there exist X 0 in R n + such that the solution X(k) which starts from X 0 tends to zero when k tends to infinity.
V is a decreasing function along the solutions, then:
But
. . , n}, this is contradiction with relation (7). Hence L = {X * }. The steady point X * is then globally asymptotically stable thanks to Lasalle's invariance principle.
Feedback Stabilization
We established in the previous proposition that for a constant fishing intensity, the positive equilibrium state of the model (1) is globally asymptotically stable. However in fishery management the fishing intensity is very often a parameter which varies according to the abundance of the stocks. Now we focus our attention in the problem which consist in stabilizing the state of the fish population around the equilibrium state by acting on the fishing intensity which we suppose variable in function of the fish population state. In control theory there are two ways to stabilize a system around an equilibrium state. The first one consists in finding the control as a function of only the time variable k and corresponds to what is called an open-loop control. The second strategy is to build the stabilizing control as a function of the state X(k) of the population, this is a feedback control or a closed-loop control. Here we develop the basis of the second strategy because as we mentioned it previously, the fishing intensity often depends on the abundance of the stocks fish population.
The considered system is nonlinear so the classical linear control techniques can not be used (unless to get local results but here we are interested in global stablization by means of a nonegative feedback control). Thus, we shall use a discrete version of Jurdjevic-Quinn theorem (Jurdjevic, & Quinn, 1978 ) that has been derived in (Bensoubaya, Ferfera, & Iggidr, 1995; Bensoubaya, Ferfera, & Iggidr, 1995; Lin, 1996) . Let E * be a given constant value of the fishing intensity and x * the corresponding positive equilibrium state. To construct the stabilizing feedback, we simply use the same method that has been used in (Bagdouri, Iggidr, Ouahbi, & Vivalda, 2000) . To be self contained, we recall here this result as well as its proof.
then the system (1) is globally stabilizable by the feedback E(X) = E * +v(X), where v(X) is continuous and satisfy v(X)
Proof Theorem 2. We consider the Lyapunov function V defined in (5).
The Taylor expansion at the point (x, E * ) gives
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For η > 0, let θ 1 and θ 2 be two continuous positive real functions such that θ 1 (X) + θ 2 (X) 0, ∀X ∈ Ω and
Let define:
We construct the feedback v(X) by:
We easily verify that |v(X)| ≤ η, ∀X ∈ Ω.
And we have:
It's has been show in the proof of Proposition 1 that V(
By relations (8), (9) and (10) we verify that 1
Now we show that X * is attractive. For this end, let L 0 be the largest invariant set contained in
where L is the Lasalle's set definded in the proof of Theorem 1 and we have already shown that L = {x * }. We conclude that L 0 = {X * }, and hence X * is globally attractive by Lasalle's invariance principle. Finally X * is globally asymptotically stable with the feedback E(X) = E * + v(X).
Discussion
In this model of fish population (1), we consider the fishing intensity E(k) as a control and we established two stability results by making hypotheses on the fishing intensity. The fishing intensity is a parameter estimated according to all the factors used during the fishing activity. Among these factors we can cite for example the fishing time, the sizes of fishnets, the navigation capacity of the used boats. At first we have established in Theorem 1 that the positive equilibrium state corresponding to a constant fishing intensity is globally asymptotically stable. The result is interesting in the sense that when we suppose that we can maintain at a constant level the fishing intensity on a given fish population whose state dynamic evolution is described by the model (1), we are insured that the stock fish population is stabilized around the positive equilibrium state. In a biological sense, the Theorem 1 means that a constant fishing intensity on a given fish population shall avoid the extinction of this fish population. Secondly taking into account the fact that in practice the fishing intensity is variable, we show in Theorem 2 the we can compute the fishing intensity as a function of stock such that the positive equilibrium state remain globally asymptotically stable. So we have here an example which shows how mathematical tools can be useful for a good management of renewable resources. 
Numerical Exemple
To illustrate the efficiency of the stabilization method, we give some simulations of the dynamics evolution of the stock fish population. We assume that n = 3 in model (1).
, X 2 (k + 1) = p 1 e (−M 1 −q 1 E(k)τ) X 1 (k) + (1 − p 2 )e (−M 2 −q 2 E(k)τ) X 2 (k), X 3 (k + 1) = p 2 e (−M 2 −q 2 E(k)τ) (k)X 2 (k) + e (−M 3 −q 3 E(k)τ) X 3 (k).
We assume that the biological parameters in the model (1) 
